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NOTE ON PALMSTE^M'S GENERALISATION
OF LAME'S EQUATION.

By Sir Thomas Muir, LL.D.

(1) In 1903 I communicated to the South African Philosophical Society*

a paper on " Factorisable Continuants," in which a theorem of considerable

generality was established, including as simple instances two isolated results

due to Sylvester and Painvin. The fact that the theorem did not also

include a similar result given by Heine in a paper on Lame's functions

led to further investigation, the outcome of which was communicated to

the Eoyal Society of Edinburgh! in 1904. Unfortunately I was not then

aware that Heine's paper had been thrown a little out of date by later

work, a very noteworthy generalisation of Lame's equation having been

made by Palmstr^m in 1897 and been published in the year-book of the

Bergen Museum. X This publication having recently come by accident into

my hand I hasten to show how the method employed in 1904 in connection

with Heine's result may be equally effectively used on the generalisation

arrived at by Palmstr0m.

(2) The determinant on which the generalisation turns is no longer

a continuant, there being in it four contiguous non-zero diagonals instead

of three. As Palmstr^m writes it the order is the (n + 1)*^, the main

diagonal consists of B's, the upper minor diagonal is

(271 -f ^1 - 2)/3, 2(2# + t,- 3)/3, 3(2/^ + -4)/3,

the two lower minor diagonals

7i(Sn + -3)/3, (n-l)(Sn + - 6)/3, (n-2)(Sn + - 9)f3,

27i(n - l)/3, 2{7i —l){n-2)^, 2(n - 2)(7i - 3)/3, .....

and the factors of the result

B + {2^^^+ {t,-2)7i}^,

B + {2/^2 + _ 8)/, - 2t^ + 6}^,

* Transactions, vol. xv, pp. 29-33.

t Transactions, vol. xli, pp. 343-358.
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As thus written, however, much greater complexity is suggested than in

reality exists. A first simplification results from reversing the order of

the rows and thereafter the order of the columns, the first row then

becoming simple in appearance and the same for all orders, and the other

rows flowing readily from it. Further, without loss of generality we may
write X for B//3. With these changes and the change of t^ into the

cases for the 4th and 5th orders are

X Va 2(1-2)

3(a + 2) X 2(<x + 3) 2(2-3)

2(a + 3) X 3(a + 6)

l(a-i-4) X

= {x^ 3a-hl2)(a; + (x)(a3 —3a-6)

X

4(a-f 3) X

3(a + 4)

2(1-2)

2(a + 3)

X

2(a + 5)

2(2-3)

3(a + 6)

X

1(^1 + 6)

2(3-4)

4(^ + 9)

X

= (ii;+4a + 24) {x^2a+^) {x-Q) (a: ~ 2a -12) (a; -4a -12).

It is thus seen that the determinant in each case is a function of only

two variables, and that on account of the absence of both of them from

the shortest diagonal the determinant cannot degenerate into a continuant,

and the theorem therefore cannot include any of those established in

1903-04.

(3) In bringing forward our new result in extension of this the method

of the former papers need not be again explained; it will suffice to make

clear what the result really is, and to show its relation to others. In the

case of the fifth order it is :

X

4(7-3c
/3

d(y-2c-d)

c-h^U
2(^-6)

2(7 -c)

'^{c-^h + U)
3(^_26 + 3cZ)

a? + E
7

&{c-h + bd)

4(^-36 + 9cZ)

^ + S

^ (ar_4y + 12c + \Uy{x + /3 - 37+ 6c + 3c?)-(^+2/3 - 27 - 6 + 3c + 3^^)

.(a, + 3/3-7 - 3?> + 3c+ Myix + 4/3 - 66 + 6c + 18c?),

where P = /:? - 7 + 6c -f 9(^,

Q = 2/3 - 27 - 6 + 9c + 9(Z,

E ^ 3/3 - 3y - 3& + 9c + 9c?,

S = 4/3 - 47 - 6& + 6c + 18cZ.

The factors of the determinant are brought into evidence by means of the

row-multipliers
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1-11-111-2 3-41-3 6

1 -4,

and equally readily by means of the column- multipliers

1 4 6 4 113 3 1

1 2

1 1 .

That is to say, the operations

row^ —rowg + rowg —row^ -f-roWg,

rowj —2 rowg + 3 rowg —4 row^,

bring to light the factors

- 4y -H 12c 12d,
;

and the operations

C0I5 + 4 col^ H- 6 C0I3 + 4 C0I2 4- colj,

C0I4 + 3 C0I3 + 3 C0I2 + colj,

the same factors in reverse order.

(4) In showing how Palmstr0m's case is included in this there is an

advantage in taking two steps to bring about the specialisation required,

namely, first putting

y = /? + 6c and b = —3c,

which gives

X P 4c . .

4(/5 + 3c) X 2(/3 + 3c) 12c

3(/5 + 4c) X 3(/? + 6c) 24c

2(/5 + 5c) X 4(y8+9c)

/5 -f 6c X

= (x-4^l3- 12c) (x - 2/3 - 12c) (x - 6c) (x 2fS + 6c) (x + 4,3 + 24c)

and then putting c = 1.

(5) Of the many other interesting special cases the one to which one

naturally turns is that where the determinant degenerates into a continuant,

and where therefore there is a probability of establishing a contact with

previous results. Putting then

c = h and d =
we find the outcome to be

x . . .

4(7-36) x + l3-y-^6h 2(/3-b) 3(^-26)
3(7-26) x-^2f3-2y ^Sb

2(7-/3) a; i- 3/3-37 + 66 4(/3-36)

7 4- 4/3 —47
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= {x-4^y + 126) {x + IS - + Qh) +213 - ^y ^- 2h) (x + 8 + y) (x + 4/5)

and on examination it will be found that the class to which this belongs is

that dealt with in the first of the papers mentioned above. The width of

the new extension can thus be appreciated.

(6) In order to make clear the law of formation of the elements of the

determinant it is best to view them as diagonally arranged. When the

order is the n*'' the shortest diagonal is

l'\c - h + U^Sn - 9)d}, 3.{c - h + U^n - 7)d}, ....

where the inner co-efficients of d decrerse by 1, and the outside multipliers

are 1, 3, 6, 10, 15, ... . The next diagonal is

2(13 - h), 3(/:^ - 26 + I'M), 4^(13 - 36 + S-Sd), ....

where the co-efficients of Sd are again 1, 3, 6, 10, 15, ... . The main

diagonal has for the co-efficients of c

l'(2n - 4), 2'(2n - 5^), 3(2/^ - 7), 4(2ti - 8i), ....

for the co-efficients of h

0, -1, -3, -6, -10, -15, ....
and for the co-efficients of d

11 (,,2 _ 5^ + 5 + 12)^ 3(7i2_6in + 6^ + 22), 4^^(n^ - 8n + ^ + S^), . . .

The lower minor diagonal is

(n- S^y - (n-2)c-i(n-2)(n-S)dy

(n^2)fy-(n-^d)c-h(n-S)(n-4:)d,\,

where the inner co-efficients of d are

0, 0, 1, 3, e, 10, 15, ... .

in reverse order.

It is worth noting, too, that the elements of each diagonal form what

used sometimes to be called an arithmetical progression of the third order.

Cape Town, S.A.,

December 2Qth, 1916.


